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An Extension of Melnikov’s Theorem 
A. M. DAVIE AND D. R. WILKEN 
Let X be a compact set in the complex plane. Let P(x) denote the Gleason 
part of a point x with respect to the function algebra R(X). Let P,(X) = 
P(x) u M,, , where MO denotes the set of peak points. Then 
THEOREM. x is u peak p&t of R(X) iff ZFy[A,\Po(3c)3 = to. 
As usual, y denotes analytic capacity and A, the annulus 
{z : 2-1”+1) < / a - x 1 < 24). 
This theorem extends the well-known theorem of Melnikov which has the 
same statement with PO(x) replaced by X. 
1. INTRODUCTION 
Let X be a compact set in the complex plane C. Let R(X) denote the 
usual function algebra on X generated by the rational functions with 
poles off X. In [4] Melnikov gives anecessary and sufficient condition 
in terms of analytic capacity for a point x E X to be a peak point of 
R(X), as follows: 
MELNIKOV’S THEOREM. x is a peak point of R(X) iff 
where A, = (x: 24s+1) < ) x - x 1 < 2-“} and y denotes analytic 
capacity. 
For a point x E X, it is known [5] that the question of whether or not 
the point is a peak point is determined by the behavior of the algebra 
R(X) on the subset of X which is the closure of the Gleason part 
containing x.That is, if P(x) denotes the Gleason part containing x,
then x is a peak point for R(X) iff x is a peak point for I?(@&)). Con- 
siderable effort has been exerted to determine the nature of the set 
P(,) and probably the most outstanding conjecture concerning this 
set is the following: 
179 
Copyright 0 1972 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
180 DAVIE AND WILKEN 
Conjecture. If y E P(,)\P(x), then y is a peak point of R(X). 
In other words, distinct nontrivial parts of R(X) are separated by 
peak points. Some positive partial results on this conjecture are 
contained in [5]. 
A complete positive answer to this conjecture would establish that 
for a point x E X, the “exterior” of X relative to this point does not just 
consist of the complement of X but also of the nontrivial Gleason parts 
distinct from P(x). It is the purpose of this note to prove an extension 
of Melnikov’s Theorem which strongly supports this remark. Let M,, 
denote the set of peak points of R(X) and let PO(x) = P(x) u MO . 
THEOREM. x is a peak point of R(X) iff C 2”7[A,\P,(x)] = co. 
The necessity of the condition C 2”34A,\P,,(x)] = co follows 
immediately from Melnikov’s Theorem. The proof of the sufficiency 
of the condition utilizes the construction of Curtis in [l] where the 
analogous part of Melnikov’s Theorem is proven. The critical step in 
the proof is a lemma concerning the analytic capacity of sets with 
positive area density at each point, the proof of which depends on the 
work of the first author in [2]. The first author is grateful to 
B. K. 0ksendal for many valuable conversations. 
2. CAPACITY LEMMA AND PROOF OF THEOREM 
For any compact plane set S, define 
jv) = suP1lf'(~)l:Jw = j~~~~~l~,g~~"~~~,Ilf/l < 11 
(m denotes plane Lebesgue measure), For general S we define 
y(S) = sup{?(T): T compact, T C S}. 
For an algebra A of bounded Bore1 functions on C, analytic outside 
a compact set (depending on the function), define 
yA(S) = sup{1 f’(a)\ :f E A, f is analytic outside a compact 
subset of S, ]I f1) < 1, f(a) = O}. 
If f is a continuous function on C and (b is a continuously differen- 
tiable function of compact support define 
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For U open in C, let A(U) be all bounded continuous functions on 
C, analytic on U, and let H”(U) be all bounded analytic functions 
on U. 
Observe that the proof of Theorem 3.2 in Chap. 8 of [3] shows that 
for all measurable S where 01 denotes continuous analytic capacity. 
In the above notation 9 = yA1 where A, is the algebra of all functions 
on C which are Cauchy transforms of L”(m) functions with compact 
support. It is clear that A, is stable under T+ for 4 E C”“(C) with 
compact support (see Lemma 15.8, p. 123 in [6]). 
THE CAPACITY LEMMA. Let S be a measurable set which has 
positive area density at each point. Theti y(S) = y(S). 
Proof. Trivially, y(S) > q(S). To prove the converse, let K be 
any compact subset of S. Choose compact subsets L 1 M 2 K of S 
such that each point of K is a density point of M and each point of M 
is a density point of L. Let U = C\M, and let A, = (f E A, , f is 
analytic off L). Then we assert: 
(1) If fE H”(C\K) and Ij f 11 < 1 then we can find a sequence 
(f-1 in A(U) with ((f, (1 < llfl] and f, +f pointwise on U; 
(2) A, is uniformly dense in A(V). 
Clearly, (1) and (2) imply the lemma. 
(1) follows from Lemma 2.4 of [2] since the capacity condition in 
that lemma is trivial if z $ K and if a E K we have 
for all sufficiently small S > 0 (d(z, 6) = {[; 1 z - 5 1 < 6)). 
(2) follows in the same way from Lemma 2.3 of [2], since if z E M, 
x4*(4% 6)) = ju(% 6) n L) 
2 (m(d(z, 6) nL)/4# 3 c(z)& 
using the proof of (*) in [3]. 
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Proof of Theorem. Suppose x is not a peak point. Then there is a 
representing measure y for x with no point mass at x. Let u = 6, - CL. 
Then J fdu = 0 for allf E R(X). Let yn = y[A,\P,,(x)]. Since A,\P,(x) 
has area density one at each point, by the lemma, for each n, we can 
find g, ALL supported on a compact subset of A,\P,(x) such that 
if we put 
then llfn 1) < 1 and If,‘( co)/ > y,/2. We have 
and since J l/(z - l) da(c) = 0 for almost all z E A,\P,(x) [5] it 
follows that Jf,du = 0 ( since g, EL” the double integral is absolutely 
convergent). 
Now suppose that C, 2ny, = co. Let U be a neighborhood of x 
such that [ p [(U) < l/182. As remarked earlier, by exactly the same 
construction as in the proof of Theorem 3.5 of [3], we can find a finite 
linear combination f = Cy=‘=, ai fi where ai E C, such that f(x) = 1, 
11 fI( < 13, and 1 f 1 < 13/14 on X\U. Then Jf da = 0; so 
This contradiction shows C 2%~~ < 00 and proves the theorem. 
Note that if Q = X\P,(x), i.e., Q is the union of the nontrivial 
parts distinct from P(x), the theorem asserts that if x is not a peak 
point then 
C 2944 n Q> < ~0. 
It is hoped that this fact will have some bearing on the conjecture 
mentioned earlier. 
We would also like to note that it is not difficult to construct an 
example in which every point but one along a smooth arc is a peak 
point. Thus it does not follow that C 212y(&\P(x)) = CD implies x 
is a peak point. 
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